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ABSTRACT
Many exoplanetary systems containing hot Jupiters (HJs) exhibit significant misalign-
ment between the spin axes of the host stars and the orbital angular momentum axes of
the planets (“spin-orbit misalignment”). High-eccentricity migration involving Lidov-
Kozai oscillations of the planet’s orbit induced by a distant perturber is a possible
channel for producing such misaligned HJ systems. Previous works have shown that
the dynamical evolution of the stellar spin axis during the high-e migration plays a
dominant role in generating the observed spin-orbit misalignment. Numerical studies
have also revealed various patterns of the evolution of the stellar spin axis leading to
the final misalignment. Here we develop an analytic theory to elucidate the evolution
of spin-orbit misalignment during the Lidov-Kozai migration of planets in stellar bi-
naries. Secular spin-orbit resonances play a key role in the misalignment evolution.
We include the effects of short-range forces and tidal dissipation, and categorize the
different possible paths to spin-orbit misalignment as a function of various physical
parameters (e.g. planet mass and stellar rotation period). We identify five distinct
spin-orbit evolution paths and outcomes, only two of which are capable of producing
retrograde orbits. We show that these paths to misalignment and the outcomes de-
pend only on two dimensionless parameters, which compare the stellar spin precession
frequency with the rate of change of the planet’s orbital axis, and the Lidov-Kozai
oscillation frequency. Our analysis reveals a number of novel phenomena for the stellar
spin evolution, ranging from bifurcation, adiabatic advection, to fully chaotic evolution
of spin-orbit angles.
Key words: star: planetary systems – planets: dynamical evolution and stability –
celestial mechanics – stars: rotation
1 INTRODUCTION
The discovery of the misalignment between the orbital axes
of hot Jupiters (HJs; giant planets with orbital periods of
∼ 3 days) and the spin axes of their host stars (e.g. Hebrard
et al. 2008, 2010; Narita et al. 2009; Triaud et al. 2010; Winn
et al. 2009; Albrecht et al. 2012; Winn & Fabrycky 2015)
continues to pose a significant puzzle. While primordial disk
misalignment (with respect to the stellar spin) is a possible
explanation (e.g. Bate et al. 2010; Lai et al. 2011; Foucart &
Lai 2011; Batygin 2012; Batygin & Adams 2013; Lai 2014;
Spalding & Batygin 2014), it is likely that a significant frac-
tion of HJs and the associated spin-orbit misalignments are
produced by dynamical means involving multi-planet inter-
actions or planet-binary interactions.
Lidov-Kozai (LK) oscillations (Lidov 1962, Kozai 1962)
⋆ Email: natalia@tapir.caltech.edu
induced by external stellar or planetary companions – one of
the proposed channels of hot Jupiter formation (e.g. Wu &
Murray 2003; Fabrycky & Tremaine 2007; Correia et al 2011;
Beauge´ & Nesvorny´ 2012; Naoz et al. 2012; Petrovich 2015;
Anderson, Storch & Lai 2016; Mun˜oz, Lai & Liu 2016; Petro-
vich & Tremaine 2016) – provide a natural means of generat-
ing spin-orbit misalignment. Lidov-Kozai oscillations occur
when the proto-HJ’s host star has a binary (or external plan-
etary) companion. A proto-HJ is assumed to form at several
AUs from its host. If its orbital axis is sufficiently misaligned
relative to the outer binary axis, its orbit undergoes large
correlated variations in eccentricity and inclination. If the
misalignment is substantial, very high eccentricities (in ex-
cess of 0.95) can be attained; during these high-eccentricity
phases, tidal dissipation at periastron brings the planet close
to its host, eventually creating a HJ.
Since the host star of a giant planet generally has an ap-
preciable rotation (with rotation period ranging from a few
c© 0000 RAS
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days to 30 days) and is oblate, significant coupling can exist
between the orbital dynamics of the proto-HJ and the dy-
namics of the stellar spin axis. This coupling is vital in deter-
mining the final spin-orbit misalignments of these systems.
Indeed, in Storch, Anderson & Lai (2014; hereafter SAL14)
we showed that the evolution of the stellar spin axis, driven
by the quasi-periodic changes in the planet orbit, can be
very complex and even chaotic, and this evolution depends
sensitively on the planet mass and stellar rotation period.
Subsequently, in Storch & Lai (2015; hereafter SL15), we
studied the origin of the chaotic behavior (in terms of sec-
ular spin-orbit resonances and their overlaps) by analysing
the non-dissipative (i.e. no tidal dissipation) “stellar spin +
planet + binary” system and considering the regime in which
the stellar spin precession rate was much higher than the LK
oscillation frequency (the “adiabatic” regime). In Anderson,
Storch & Lai (2016; hereafter ASL16), we conducted a com-
prehensive population synthesis study of HJ formation via
LK migration in stellar binaries, including all relevant phys-
ical effects (the octupole potential from the binary compan-
ion, various short-range forces, tidal dissipation, and stellar
spin-down due to magnetic braking). In particular, our ex-
tensive Monte-Carlo experiments (see Section 4 of ASL16)
revealed various paths of spin-orbit evolution during LK mi-
gration.
In the present work, we develop an analytic theory to
understand the evolution of spin-orbit misalignment during
LK migration in stellar binaries. We extend the analysis of
SL15 to the non-adiabatic regime (i.e. the regime in which
the star precesses slowly). We account for various non-ideal
effects (such as periastron advance due to General Relativity
and planet oblateness) and include tidal dissipation in our
“stellar spin + planet + binary” system. Our goal is to pro-
vide theoretical explanations for the various paths to spin-
orbit misalignment that LK oscillations can induce and to
shed light on how the final spin-orbit misalignments of HJs
are achieved during LK migration. Although our focus is on
stellar binary-induced LK migration, most of our results can
be adapted to the planet-induced LK migration scenario.
This paper is organized as follows. In Section 2, we
briefly review our previous work and introduce the most
important concepts and equations in LK-driven spin-orbit
dynamics. In Section 3, we discuss the effect that short-
range forces have on the spin-orbit dynamics. In Section 4,
we examine the different regimes of non-dissipative spin dy-
namics. In Sections 5 and 6, we include tidal dissipation and
study the various paths toward misalignment during LK mi-
gration. We identify the key paremeters that determine dif-
ferent behaviors of the misalignment evolution. We discuss
the limitations and uncertainties of our work in Section 7
and summarize our key findings in Section 8.
Readers who are less interested in the technical details
can go to Section 5.1 for a description of the five different
spin-orbit evolution paths (with more detailed explanations
in Sections 5.2-5.6), and Section 8 for a brief summary.
2 LIDOV-KOZAI-DRIVEN SPIN DYNAMICS:
CONCEPTS AND EQUATIONS
2.1 Lidov-Kozai oscillations
We consider a star of mass M⋆ hosting a planet of mass
Mp (such that M⋆ ≫ Mp), and a stellar binary companion
with mass Mb. Note that, in all calculations presented in
this paper, we set M⋆ =Mb = 1M⊙.
Throughout this work we consider LK oscillations to
quadrupole order only. This is an important simplifica-
tion/approximation in order to facilitate our theoretical
analysis. Note, however, that our extensive Monte-Carlo cal-
culations (ASL16) have showed that the dominant effect of
the octupole potential of the binary companion is to increase
the tidal disruption efficiency of planets, and that a major-
ity of HJs are formed through the “normal” (quadrupole)
channel (see also Mun˜oz et al. 2016; Petrovich 2015). Thus,
we assume that the host star and binary companion are in a
fixed circular orbit (which naturally leads to zero octupole
potential) with semi-major axis ab, and the binary orbital
axis Lˆb defines the invariant plane of the system.
The planet orbit is described by its semi-major axis
a, eccentricity e, and angular momentum vector L, which
is inclined relative to Lˆb. We define cos θlb ≡ Lˆ · Lˆb. In
the LK mechanism, if the initial θ0lb satisfies 40
◦ <∼ θ
0
lb
<∼
140◦, the planet orbit undergoes oscillations in e and θlb, as
well as nodal and periastron precessions, while conserving
L · Lˆb. The oscillations happen on a characteristic timescale
tk given by
t−1k = n
(
Mb
M⋆
)(
a
ab
)3
, (1)
where n ≡ (GM⋆/a
3)1/2 is the mean motion frequency of
the planet. In the absence of short-range forces (see section
3), the maximum eccentricity achieved during an LK cycle
is given by
emax =
(
1−
5
3
cos2 θ0lb
)1/2
. (2)
Short-range forces tend to reduce emax from this value, but
do not change the characteristics of the LK oscillations. An
important quantity for our later analysis is the frequency of
eccentricity oscillations, which is given by
ne = Kt
−1
k , (3)
where K is of order unity and depends on strengths of
short-range forces and the value of the initial eccentricity
e0 (2π/ne is the LK eccentricity oscillation period). We also
define the quantities
Ωpl ≡ Ωpl,0f(e) ≡
dΩ
dt
, θ˙lb ≡
dθlb
dt
(4)
as the nodal precession rate of Lˆ (with Ωpl,0 the nodal pre-
cession rate at e = 0), and the nutation rate of Lˆ, respec-
tively. Each of these quantities is a strong function of ec-
centricity, and therefore time; together, they serve as the
“driving forces” for the stellar spin dynamics.
2.2 Stellar Spin Precession
Due to the star’s rotation-induced quadrupole, the stellar
spin axis Sˆ experiences periodic torquing from the planet,
c© 0000 RAS, MNRAS 000, 000–000
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which is strongest at the maximum eccentricity points of
the LK cycle. This torque induces precession of Sˆ around
the planet’s orbital angular momentum axis Lˆ, governed by
the equation
dSˆ
dt
= ΩpsLˆ× Sˆ, (5)
where
Ωps ≡ −
3GMp(I3 − I1)
2a3(1− e2)3/2
cos θsl
S
(6)
is the precession frequency. Here I3 and I1 are the principal
moments of inertia of the star, S is the magnitude of the
spin angular momentum, and θsl is the angle between Sˆ and
Lˆ. To separate out the θsl and e dependencies, we define a
function α(t) via
Ωps(t) ≡ −α(t) cos θsl = −
α0
[1− e(t)2]3/2
cos θsl, (7)
where
α0 =
3GMp(I3 − I1)
2a3I3Ω⋆
= 1.19× 10−8
(
2π
1yr
)(
2kq
k⋆
)(
103Mp
M⋆
)(
Ωˆ⋆
0.05
)
×
×
( a
1AU
)−3(M⋆
M⊙
)1/2(
R⋆
R⊙
)3/2
. (8)
Here we have used (I3 − I1) ≡ kqM⋆R
2
⋆Ωˆ
2
⋆, with Ωˆ⋆ =
Ω⋆/(GM⋆/R
3
⋆)
1/2 the dimensionless stellar rotation rate,
and S = I3Ω⋆ ≡ k⋆M⋆R
2
⋆Ω⋆. For a solar-type star, kq ≈
0.05, and k⋆ ≈ 0.1 (Claret & Gimenez 1992).
Note that since α(t) is just |Ωps| evaluated at cos θsl = 1,
it gives the maximum attainable spin precession rate during
the LK cycle, and α0 gives the maximum precession rate at
e = 0. We emphasize that these rates depends linearly on
both the planet mass Mp and the stellar spin rate Ω⋆, and
are strong inverse functions of the semi-major axis a.
SAL14 and SL15 further defined the “adiabaticity pa-
rameter” ǫ as
ǫ ≡
Ωpl,0
α0
, (9)
and showed that, generically speaking, ǫ serves as a predic-
tor for the dynamical behavior of the system. Given a set
of initial parameters such that ǫ ≫ 1, the system behaves
“non-adiabatically”: the nodal precession of Lˆ (around Lˆb)
is much faster than the precession of Sˆ (around Lˆ); therefore,
Sˆ essentially precesses around the time average of Lˆ, thereby
conserving θsb, the angle between the stellar spin axis and
the outer binary axis. If ǫ ≪ 1, the system behaves “adi-
abatically”: the nodal precession of Lˆ is much slower than
the precession of Sˆ, and therefore Sˆ has no trouble keeping
up with Lˆ and θsl is conserved. For intermediate values of
ǫ, which SAL14 termed the “trans-adiabatic” regime, the
spin dynamics is complex and often chaotic. SL15 focused
on exploring the spin dynamics in this regime but close to
the adiabatic transition (i.e. for ǫ <∼ 1). We summarize their
methods and findings in the rest of this section.
2.3 Hamiltonian Spin Dynamics
Because our primary goal is to study the behavior of the
spin-orbit misalignment angle θsl, it is convenient to work
in a frame of reference where Lˆ is invariant. In this frame, it
can be shown (SL15) that the spin dynamics are governed
by the following Hamiltonian:
H(p, φsl, τ ) =
α¯
ne
{
−
1
2
p2 + ǫψ(τ )p
− ǫ
√
1− p2
[
β(τ ) cosφsl + γ(τ ) sinφsl
]}
, (10)
where φsl (the precession phase of Sˆ about Lˆ) and p ≡ cos θsl
constitute the conjugate pair of variables (with p acting as
the conjugate momentum). The rescaled time τ is defined
as
τ (t) =
ne
α¯
∫ t
0
α(t′)dt′, (11)
where
α¯
ne
≡
1
2π
∫ 2π/ne
0
α(t)dt (12)
is the ratio of the time-averaged maximum spin precession
frequency, α¯, and the LK eccentricity oscillation frequency
ne and thus gives the maximum number of times that Sˆ can
go around Lˆ in one LK cycle (see section 3). Thus, α¯/ne is,
in fact, a better measure of the adiabaticity of the system
than ǫ; we discuss this in more detail later in the section.
Note that τ is normalized such that it varies from 0 to 2π
in one LK eccentricity cycle. The dimensionless functions
β, γ ψ are given by
ǫβ(τ ) = −
Ωpl(τ )
α(τ )
sin θlb(τ ), (13)
ǫγ(τ ) =
θ˙lb(τ )
α(τ )
, (14)
ǫψ(τ ) = −
Ωpl(τ )
α(τ )
cos θlb(τ ). (15)
Since ǫ = Ωpl,0/α0, the functions β(τ ), γ(τ ) and ψ(τ ) de-
pend only on the “shape” of the orbit, i.e., on e(τ ) (with τ
varying from 0 to 2π). These shape functions can then be
decomposed into Fourier components, as
β(τ ) =
∞∑
M=0
βM cosMτ, (16)
γ(τ ) =
∞∑
M=1
γM sinMτ, (17)
ψ(τ ) =
∞∑
M=0
ψM cosMτ, (18)
and the Hamiltonian can be written as
H ′ =
α¯
ne
{
−
1
2
p2 + ǫ ψ0 p+ ǫ p
∞∑
M=1
ψM cosMt
−
ǫ
2
√
1− p2
∞∑
M=0
[
(βM + γM ) cos(φsl −Mτ )
+(βM − γM ) cos(φsl +Mτ )
]}
. (19)
c© 0000 RAS, MNRAS 000, 000–000
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Note that γ0 is not defined in Eq. (17). For convenience, we
set γ0 = β0, but note that in actuality the time average of
the function γ(τ ) is 0, due to its antisymmetric shape.
A resonance occurs when the argument of one of the
cosine functions in the above Hamiltonian is slow-varying,
i.e. if
dφsl
dτ
= N, (20)
with N an integer (positive or negative). All the discussion
up to this point applies for arbitrary ǫ. We can appreciate
the significance of (20) by considering the small ǫ limit. In
this case, the Hamiltonian (19) is dominated by the first
term and we have dφsl/dτ ≃ −pα¯/ne. Then the resonance
condition becomes
Ω¯ps = −α¯ cos θsl ≃ Nne, with N = 0,±1,±2,±3, · · ·
(21)
That is, when the time-averaged stellar spin precession fre-
quency equals an integer multiple of the LK eccentricity os-
cillation frequency ne, the system experiences a resonance.
When this happens, the influence of all other terms in Eq.
(19) can be averaged out and the system is governed by the
single-resonance Hamiltonian
HN =
α¯
ne
[
−
1
2
p2 + ǫ ψ0 p
−
ǫ
2
√
1− p2 (βN + γN ) cos(φsl −Nτ )
]
. (22)
For a given α¯, a set of resonances are possible, with the
zeroth-order resonant momenta given by
pN = (cos θsl)N ≃ −
Nne
α¯
= −
N
Nmax
. (23)
Since |cos θsl| cannot exceed 1, there exists a maximum res-
onance order, ⌊α¯/ne⌋. We define
Nmax =
α¯
ne
, (24)
and allow it to be non-integer because, as discussed pre-
viously, it also has physical significance as the maximum
number of spin precession cycles (Sˆ around Lˆ) in one LK
cycle. In later sections we show that, when tidal dissipa-
tion is introduced, Nmax is one of the two key parameters in
determining the dynamical evolution of the system.
As discussed in detail in SL15, in the cos θsl vs (φsl−Nτ )
phase space, the region of influence of each resonance is de-
fined by its separatrix, which has a distinctive cat-eye shape
centered on cos θsl = pN and φsl −Nτ = 0 or π, depending
on the sign of (βN + γN ) (see Fig. 3). The Chirikov crite-
rion (Chirikov 1979) states that overlaps in the separatrices
of two or more resonances lead to chaos. We thoroughly
explored this idea in SL15 and showed that, indeed, the ap-
pearance of chaos in the system can be explained by overlaps
between resonances of different N ’s.
One final point needs to be made. Recall that the above
discussion of resonances applies in the regime where the first
term of the Hamiltonian (19) dominates over the others.
This regime corresonds roughly to ǫ <∼ 1. More precisely,
since in general (see SL15) we have (β0+γ0) = 2β0 > (βN +
γN) for N 6= 0, the boundary of this regime can be defined
more accurately as 2ǫβ0 <∼ 1. We thus define
A¯ ≡ (2ǫβ0)
−1 (25)
as a new, more precise, adiabaticity parameter, such that
when A¯ >∼ 1 the system is adiabatic. Note that A¯ can be
expressed as
A¯ =
α¯
2〈Ωpl sin θlb〉
≡
Nmax
2ΩˆL
, (26)
where the triangle brackets denote time averaging and we
have defined ΩˆL ≡ 〈Ωpl sin θlb〉/ne. Physically, 2A¯ represents
the ratio of the maximum average rate of spin precession
to the average rate of change in Lˆ during the LK cycle.
Thus, if A¯ ≪ 1, the spin vector hardly moves compared
with the orbital angular momentum vector and the system
behaves non-adiabatically, whereas when A¯ ≫ 1 the spin
axis evolves adiabatically, closely following the changing Lˆ
(as long as cos θsl is not very close to 0). Note that, because
ΩˆL ∝ cos θlb,0, for the high inclinations that we consider in
this work it is in general true that A¯ >∼ Nmax.
The quantity ΩˆL is invariant so long as the “shape” of
the orbit remains the same, i.e. it depends only on e(τ ).
Thus, so long as the “shape” of the orbit is unchanged, only
one parameter (either A¯ or Nmax) determines the evolution-
ary behavior of the system. In comparing the behavior of
systems with orbits of different “shapes”, however, both pa-
rameters are necessary.
To recapitulate, A¯ measures the (LK-averaged) maxi-
mum spin precession rate, α¯, relative to the rate of change of
Lˆ, whereas Nmax measures α¯ relative to the LK eccentricity
oscillation frequency ne and sets the maximum resonance
order. Both Nmax and A¯ scale linearly with the stellar spin
rate and the planet mass (see Eq. 8). In the remainder of the
paper, we will show how the values of these two parameters
determine the behavior of the system and, in the presence
of tidal dissipation, the ultimate fate of the spin-orbit mis-
alignment angle.
3 EFFECT OF SHORT-RANGE FORCES
The analysis of SL15 focused solely on the “pure” Lidov-
Kozai system with no short-range forces. As a step toward
realism, we now account for extra periastron advances in-
duced in the system by various short-range forces, including
GR and the tide- and rotation-induced quadrupole moments
of the planet (e.g. Wu &Murray 2003, Fabrycky & Tremaine
2006, Liu et al. 2015). These extra periastron advance terms
affect the LK+spin dynamics in two ways.
First, they slightly change the LK eccentricity oscilla-
tion timescale ne; this change is small and has no effect on
the system dynamics.
Second, they reduce (sometimes significantly) the maxi-
mum eccentricity attained during each LK cycle, thus chang-
ing the “shape” of e(t). In general, the new maximum ec-
centricity depends not only on θlb,0 (cf. Eq. 2), but also on
the physical parameters of the system, including the planet
mass and radius (Mp & Rp), the effective binary separation
ab(1− e
2
b)
1/2 (but recall that for the purposes of this paper
we set eb = 0), and the planet semi-major axis a (see Liu
et al. 2015). This leads to significant changes in the shape
functions defined in Eqs. (13)-(15) and hence in the Fourier
coefficients βN , γN and ψN . Figure 1 demonstrates this ef-
fect: In general, the variation in the shape functions becomes
smoother and less pronounced. We note that from Fig. 1 it
c© 0000 RAS, MNRAS 000, 000–000
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Figure 1. Shape functions β, γ, and ψ for θlb,0 = 85
◦ as a
function of the rescaled time variable τ , without (top panel) and
with (bottom panel) short range forces. The physical parameters
for the bottom panel are Mp = 5MJ , ab = 300 AU, a = 1.5 AU.
is obvious that short-range forces increase β0 (the τ -average
of Eq. 13) and therefore decrease A¯ (Eq. 25), making the
system less adiabatic.
Due to the reduction of emax, the maximum of α(t) (Eq.
7) is also reduced, leading to a significant decrease in α¯ (Eq.
12). Thus, another consequence of the inclusion of short-
range forces is a decrease in the parameter Nmax (Eq. 24).
Figure 2 (left) presents Nmax as a function of the initial or-
bital inclination θlb,0 with and without short-range forces.
We see that, in general, Nmax is greatly reduced when short-
range forces are included. Furthermore, because at high ini-
tial inclinations (e.g, θlb,0 >∼ 85), the maximum eccentricity
is determined by the short-range forces and is not sensitive
to θlb,0 (e.g. Liu et al. 2015), Nmax becomes nearly inde-
pendent of the initial inclination. It is worth noting that
Nmax still scales linearly with the stellar spin rate (or in-
versely with the spin period), but its dependence on Mp is
no longer as simple, since Mp now plays a role in setting the
maximum eccentricity.
Likewise, the parameter A¯ is also affected (Fig. 2, right).
Like Nmax, it still scales linearly with the stellar spin rate.
However, unsurprisingly (cf. Eq. 26), it has a much stronger
dependence on the initial inclination.
For comparison, Figure 3 demonstrates how a sample
phase space previously presented in SL15 (Fig. 6) changes
when short-range forces are added to the system: As ex-
pected, the number of resonances is significantly reduced,
Mp=1MJ
86 87 88 89 900.01
0.1
1
10
100
i0HdegL
N m
ax
Mp=1MJ
86 87 88 89 900.1
1
10
100
i0HdegL
A
Mp=5MJ
86 87 88 89 900.1
1
10
100
i0HdegL
N m
ax
Mp=5MJ
86 87 88 89 900.1
1
10
100
i0HdegL
A
Figure 2.Nmax (left panels) and A¯ (right panels) as a function of
initial inclination for two planet masses (top panel: Mp = 1MJ ;
bottom panel: Mp = 5MJ ) and two stellar spin periods (red:
P⋆ = 5 days; blue: P⋆ = 2.3 days). Dashed: without short-range
forces. Solid: with short-range forces.
and on the whole most resonances become wider. In sum-
mary, given a system with a set of initial parameters, the
inclusion of short-range forces changes the shape functions
that drive the spin precession dynamics, and generally de-
creases both A¯ andNmax, reducing the degree of adiabaticity
of the system.
Finally, note that there is one more “non-ideal” effect we
have neglected: the perturbation of the planet’s orbit due to
the rotation-induced stellar quadrupole. This perturbation
comes in two forms. First, the stellar quadrupole induces ad-
ditional periastron advance in the orbit, similar to the other
short-range forces. Second, the planet’s orbit experiences an
extra nodal precession, governed by the equation(
dLˆ
dt
)
SL
= Ωps
S
L
Sˆ× Lˆ, (27)
where the ratio of the stellar spin angular momentum to the
orbital angular momentum is
S
L
≃ 0.12
(
k⋆
0.1
)(
M⋆
M⊙
)1/2(
R⋆
R⊙
)2(
Mp
MJ
)−1
×
[
a(1− e2)
0.05AU
]−1/2(
P⋆
30 d
)−1
. (28)
We ignore these effects because, by creating feedback be-
tween stellar spin precession and orbit precession, they break
the integrability of the Hamiltonian system by introduc-
ing more degrees of freedom [i.e. e(t), Ωpl(t), etc. would no
c© 0000 RAS, MNRAS 000, 000–000
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-9
-5
0
5
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-1.0
-0.5
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Φ
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Θ s
l
-2
-1
0
1
2
0 Π
2
Π 3 Π
2
2 Π-1.0
-0.5
0.0
0.5
1.0
Φsl-NΤ
co
s
Θ s
l
Figure 3. Separatrices in the phase space for a sample of reso-
nances, labeled on the right-hand side with their correspondingN ,
for the shape functions presented in Fig. 1 (with θlb,0 = 85
◦ and
ǫ = 0.1), without (top panel) and with (bottom panel) short-range
forces. Note that, for identical values of ǫ and θlb,0, inclusion of
short-range forces significantly reduces the number of resonances
affecting the system dynamics (i.e. the number of resonances that
“fit” inside the phase space).
longer be solely determined by LK dynamics and in general
would not be “known” periodic forcing functions acting on
the spin evolution]. Neglecting these feedback effects is the
single biggest simplifying assumption we make in our analy-
sis. The significance of these effects increases with increasing
S/L ∝ Ω⋆/Mp (see Section 4.3 of ASL16 for further discus-
sion). For low planet masses and high stellar rotation rates,
this makes our subsequent analysis of the spin dynamics
somewhat pedagogical. For higher planet masses and lower
stellar spin rates, however, the feedback is not as important,
and our conclusions should be fairly robust.
4 NON-DISSIPATIVE REGIME
CLASSIFICATION
In this section we examine the differences in the spin dy-
namical behavior of a non-dissipative system in the non-
adiabatic vs adiabatic regimes. We select two representa-
tive “shapes” of the LK orbit by considering systems with
Mp = 5MJ , a = 1.5 AU, ab = 300 AU, and either θlb,0 = 89
◦
or θlb,0 = 87
◦. We then vary the stellar spin period, which
scales up/down both Nmax and A¯. Note that, in order to
explore the entire range of possible behaviors, we consider a
somewhat unphysical range of stellar spin periods, from as
large as 50 days to as small as 1 day.
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Figure 4. Locations of the fixed points of the Hamiltonian (29),
for φsl = 0 (solid lines) and φsl = π (dashed line), forMp = 5MJ ,
θlb,0 = 89
◦, as a function of the stellar spin period. For reference,
the adiabaticity parameter A¯ is plotted on the top axis. Nmax
can be calculated as Nmax ≃ A¯/7.63. For more detail about the
phase space structure, see Fig. 5. The colors of the lines match
those of the corresponding separatrices in Fig. 5.
We first consider the spin dynamics in the non-adiabatic
regime, with A¯ <∼ 1 (section 4.1). We then consider the adi-
abatic regime with A¯ >∼ 1 (section 4.2), which is further
divided into two sub-regimes with Nmax <∼ 1 and Nmax >∼ 1
(recall that A¯ >∼ Nmax). Finally, we specialize to the dynam-
ics of spin trajectories that start with cos θsl = 1 (i.e. zero
initial spin-orbit misalignment) and discuss their behavior
in each of the aforementioned regimes (section 4.3).
4.1 Non-adiabatic Regime: A¯ <∼ 1
The form of the Hamiltonian (19) is such that the non-
adiabatic regime of spin dynamics does not easily lend itself
to pertubation theory and cannot be formally explored. Nev-
ertheless, the non-adiabatic regime is very important (espe-
cially for Jupiter-mass or smaller planets). We therefore en-
deavor to study it based on physical arguments we consider
reasonable but not necessarily rigorous.
We classify the non-adiabatic regime as having A¯ <∼ 1.
Since typically ΩˆL <∼ 1, this implies Nmax ≪ 1. Thus in
the non-adiabatic regime, the stellar spin vector Sˆ changes
slowly compared to both the rate of change of Lˆ and the
LK oscillation frequency. We therefore surmise that most
of the relevant spin dynamics can be captured using a time-
independent Hamiltonian whose coefficients are the time av-
erages of the externally imposed shape functions (β, ψ, γ).
In other words, most of the spin dynamics can be understood
by analyzing the N = 0 Hamiltonian (cf. Eq. 22)
H0 = Nmax
[
−
1
2
p2 +
p
B¯
−
1
2A¯
√
1− p2 cos φsl
]
, (29)
where we have replaced α¯/ne with Nmax, replaced ǫ(β0 +
γ0) ≡ 2ǫβ0 using the definition of A¯, and have defined B¯ ≡
(ǫψ0)
−1.
First, it is useful to examine the fixed points of the
Hamiltonian H0, and how they depend on the stellar spin
period. By considering the equations of motion, it is easy to
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Figure 5. Sample separatrices in phase space for Mp = 5MJ , θlb,0 = 89
◦ and (from a to f), P⋆ = 50, 35, 25, 20, 3, and 1.6 days. The
separatrices shown in gray are those that have no relevance to the dynamics of the initially-aligned trajectory (cos θsl,0 = 1). The colored
dots mark locations of fixed points. Here A¯ ≃ 25.5/P⋆ and Nmax ≃ 3.34/P⋆.
see that this Hamiltonian has two sets of fixed points: those
with φsl = 0 and those with φsl = π. Figure 4 shows how the
locations of these fixed points in cos θsl change with stellar
spin period. At very high spin periods, only two fixed points
exist, one at φsl = 0 and another at φsl = π. These fixed
points are closely related to the well-known Cassini states
(e.g. Fabrycky et al. 2007). At P⋆ <∼ 40 days, another set of
fixed points appear for φsl = 0. We can now examine how
each of these fixed points affects the system dynamics.
The top panels of Figure 5 present example phase spaces
calculated based on the Hamiltonian (29), for which A¯ <∼ 1.
The curves shown in each panel are separatrices that cannot
be crossed by any spin evolution trajectory. The shapes of
the separatrices constrain the possible trajectories. Thus, an
analysis of the separatrix shapes sheds light on the possible
behaviors of the system.
At very low values of A¯ (Fig. 5, panel a), the phase space
is roughly split into two islands of libration, each containing
a fixed point. The separatrix of the center island touches
cos θsl = 1, whereas the other touches cos θsl = −1. A tra-
jectory starting inside one of these separatrices will librate
about the corresponding fixed point in the center of the is-
land. Trajectories starting in the narrow region in-between
the two separatrices are able to circulate.
As shown in Fig. 4, at P⋆ <∼ 40 days, two more fixed
points appear. Panel b of Fig. 5 shows the phase space struc-
ture shortly after the appearance of these fixed points. Two
new, joined, libration islands appear. The bottom island has
the previously existing Cassini-state fixed point at its center.
The top island has one of the new fixed points at its center.
The second new fixed point defines the separatrix between
these two islands.
As A¯ gets closer to 1 (Fig. 5, panel c), the central (cen-
tered on φsl = π) libration island expands, and eventually
cleaves the two side islands.
As A¯ further increases, the center libration island spans
an increasingly larger range of φsl, until, when A¯ ≃ 1, it
spans the entire {0, 2π} range and detaches from cos θsl =
1, forming the standard cat-eye shaped N = 0 resonance
(Fig. 5, panel d). (Note that the location of the transition
is not exact: as can be seen from Fig. 5, panel c, the actual
transition happens slightly after A¯ ≃ 1.) The fixed point
that previously defined the separatrix for the top side island
now defines the separatrix for the cat-eye. At the same time,
the top side island attaches to cos θsl = 1. This marks the
transition from non-adiabatic to adiabatic behavior.
4.2 Adiabatic Regime: A¯ >∼ 1
4.2.1 Nmax <∼ 1
Shortly after the non-adiabatic to adiabatic transition, Nmax
is still small, and therefore the spin dynamics are still essen-
tially governed by the N = 0 Hamiltonian. After the central
N = 0 island/resonance has detached from cos θsl = 1, the
top side island merges upward and attaches to cos θsl = 1
(Fig. 5, panel d, shown in red). As A¯ and Nmax continue to
increase, this side island rapidly shrinks and is soon over-
taken in importance by the newly forming N = −1 reso-
nance. Likewise, the bottom island shrinks as well and is
soon dominated by the N = 1 resonance.
4.2.2 Nmax >∼ 1
As Nmax approaches 1, the spin dynamics are no longer de-
termined solely by the N = 0 Hamiltonian. Rather, the
N = 1 and N = −1 Hamiltonians must also be considered
(see Eq. 22). For 0.5 <∼ Nmax <∼ 1, each of these Hamilto-
nians produces a separatrix that is attached to cos θsl = 1
(for N = −1) and cos θsl = −1 (for N = 1). As Nmax con-
tinues to increase, the separatrices “emerge” more fully into
the phase space until eventually they detach from the top
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Figure 6. The range (in cos θsl) of each of the “relevant” sep-
aratrices presented in Fig. 5 as a function of stellar spin period
for θlb,0 = 89
◦ and Mp = 5MJ . Colors have been chosen to
match those of Fig. 5. The separatrix widths are shown in bold
solid lines whenever they touch cos θsl = 1 – such separatrices
then determine the behavior of an initially-aligned trajectory. Af-
ter detaching from cos θsl = 1, each separatrix is shown in thin
dashed lines of the same color. Note that the transition from
non-adiabatic behavior (controlled by the N = 0 center island)
to adiabatic behavior happens at A¯ ≃ 1. In grey we show the
maximum range of excursion that the initially-aligned trajectory
can have. Also note that the transition from the red (N = 0 top
side island dominated) to blue (N = −1 dominated) is somewhat
arbitrary, as there is no precise way to tell when the N = −1
resonance starts to dominate.
N=0 center island
N=0 top island
N=-1 N=-2
1251020
-1.0
-0.5
0.0
0.5
1.0
1 20.5 Nmax=1 Nmax=2
P*HdaysL
co
s
Θ s
l
A
Figure 7. Same as Fig. 6, but with θsl,0 = 87
◦.
and bottom edges and form standard cat-eye shapes. Note
that, due to the slight asymmetry in the Hamiltonians in-
troduced by the p/B¯ term, the bottom resonance detaches
slightly earlier than Nmax ≃ 1, whereas the top resonance
detaches slightly later than Nmax ≃ 1 (Fig. 5, panel e).
After the N = ±1 resonances have emerged fully, the
N = ±2 resonances begin to grow, and likewise detach and
form cat-eye shapes when Nmax ≃ 2 (Fig. 5, panel f).
4.3 The initially-aligned trajectory
In the standard planetary system formation scenario, giant
planets are formed at a few AU’s distance from their host
stars, with the orbital axis aligned with the stellar spin axis.
Although in recent years several methods of generating pri-
mordial misalignment have been suggested (e.g. Bate et al.
2010; Batygin 2012; Batygin & Adams 2013; Lai 2014; Lai
et al. 2011; Spalding & Batygin 2014), for the remainder of
this paper we will focus on systems with cos θsl,0 = 1, i.e.
no initial spin-orbit misalignment. What determines the dy-
namic behavior of the stellar spin as the planet undergoes
LK oscillations?
One key observation can be taken away from the six
panels presented in Fig. 5: regardless of what regime the
system is in, there is always a separatrix “attached” to
cos θsl = 1. In the non-adiabatic regime (A¯ <∼ 1) this separa-
trix is the N = 0 center island. In the adiabatic regime
(A¯ >∼ 1), this separatrix is the N = 0 top side island
when Nmax <∼ 0.5 (note this number is somewhat arbi-
trary), and then N = −1 for 0.5 <∼ Nmax <∼ 1, N = −2 for
1 <∼ Nmax <∼ 2, and so on. These are the separatrices that
determine the behavior of the initially aligned trajectory.
Figures 6 and 7 present a different way of visualizing
this information. They show the maximum vertical extent
of each of the relevant (“attached” to cos θsl = 1) separa-
trices as a function of the stellar spin period P⋆, for two
different shape functions, with the corresponding values of
A¯ and Nmax given on the top axes. Since, in each case, the
initially-aligned trajectory starts out on the relevant separa-
trix, its maximum vertical width represents the maximum
range of spin-orbit misalignments that the trajectory can
cover. Thus, in the non-adiabatic regime the stellar spin has
the most “freedom” and is able to cover the largest range
of cos θsl. As A¯ increases, the spin axis’ range of excursion
becomes progressively more and more limited, though not
monotonically so.
There is a clear difference between Figures 6 (θsl,0 =
89◦) and 7 (θsl,0 = 87
◦): in Fig. 6 the regions of influence of
each separatrix are clearly defined and well-separated. On
the other hand, in Fig. 7 it is not always clear which sep-
aratrix dominates the evolution. Furthermore, Fig. 7 fea-
tures overlaps between the different separatrices, which, as
we know, is a signature of chaos (see SL15). We therefore ex-
pect that for θsl,0 = 89
◦ the spin dynamics for all stellar ro-
tation periods should be regular and well-behaved, whereas
for θsl,0 = 87
◦ chaotic behavior may arise for certain ranges
of rotation periods.
5 INCLUDING TIDAL DISSIPATION: PATHS
TO MISALIGNMENT
We now include tidal dissipation in the planet and allow the
semi-major axis of the planet to decay, and examine how
the non-dissipative regimes discussed in the previous section
map onto the final spin-orbit misalignment angle distribu-
tions. We use the standard weak friction model for tidal
dissipation; see SAL14 for details.
As the planet’s semi-major axis decreases due to tidal
dissipation, the stellar spin precession rate increases (Eq. 8).
The LK precession rate also increases, but not as dramati-
cally, leading to an overall gradual increase in both A¯ and
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Figure 8. Final spin-orbit misalignment angle (after orbital de-
cay and circularization due to tidal dissipation) as a function of
the stellar spin period, for Mp = 5MJ , a0 = 1.5 AU, ab = 300
AU, and θlb,0 = 89
◦ (top panel) or θlb,0 = 87
◦ (bottom panel).
The blue, red, and purple × symbols in the top panel correspond
to the left, middle, and right example trajectories shown in Fig. 9,
respectively. The blue ◦ symbol corresponds to the blue trajectory
in Fig. 10. The blue and orange square symbols correspond to the
left and right panels of Fig. 12, respectively. We separate identi-
fiably distinct regions of behavior with dashed lines and number
them with roman numerals.
Nmax. In addition, as the semi-major axis decays, the shape
of the LK orbit changes, with the minimum eccentricity of
the LK cycles slowly increasing (see Section 3.1 of ASL16);
thus, the shape functions β(τ ), γ(τ ) and ψ(τ ) that drive
the stellar spin dynamics also slowly change in time. All of
these changes, however, are slow enough for the system to be
treated as “quasi-static”: For any given LK cycle the spin dy-
namics of the initially-aligned trajectory is still governed by
the non-dissipative Hamiltonian, as described in the previ-
ous section. However, over the orbital decay time (involving
many LK cycles), the coefficients (Nmax, A¯, B¯, βM ,γM ,ψM )
in the Hamiltonian slowly change, and the background non-
dissipative phase space slowly evolves through a sequence
similar to that depicted in Figs. 5, 6 and 7.
There are two consequences of this slow evolution of the
Hamiltonian coefficients. First, since at any given time the
system is still governed by a Hamiltonian, a (non-chaotic)
trajectory still cannot cross a separatrix (unless it has no
choice – more on this later). The implication is that if a tra-
jectory starts out inside a certain separatrix, its behavior will
continue to be governed by that (slowly evolving) separatrix.
Second, because the system evolves so gradually (or adiabat-
ically - not to be confused with the adiabatic regime!), an
adiabatic invariant emerges: the area enclosed by a trajec-
tory in the cos θsl − (φsl − Nτ ) space is an approximately
conserved quantity. Together, these two ideas (avoidance of
separatrix crossings, and conservation of area) are all that
is necessary to understand the dissipative system. Thus, in
principle, knowing what separatrix governs the behavior of
the initially-aligned system at t = 0, plus the knowledge
of how that separatrix changes under the influence of tidal
evolution, should be enough to determine the fate of the
trajectory.
The above considerations indicate that the governing
separatrix at t = 0 determines the fate of an initially aligned
system. The initial separatrix is specified by the parameters
(see Section 4.3)
A¯0 ≡ A¯(t = 0), Nmax,0 ≡ Nmax(t = 0). (30)
In the presence of tidal dissipation, we expect that all pos-
sible outcomes of the system may be classified using these
two parameters.
5.1 Varying the stellar spin period
We begin by repeating the experiment of Section 4, including
the influence of tides and numerically integrating the system
until the planet orbit decays and circularizes. We select two
initial (t = 0) “shapes” for the LK orbit by setting Mp =
5MJ , a0 = 1.5 AU (the initial semi-major axis), ab = 300
AU, and either θlb,0 = 89
◦ or θlb,0 = 87
◦. For t > 0, the
“shape” of the orbit slowly evolves (as the semi-major axis
shrinks). As in Section 4, we vary the stellar spin period
(which remains constant throughout the tidal evolution). We
set θsl,0 = 0 and plot θsl,f , the final spin-orbit misalignment
angle, as a function of the stellar spin period in Figure 8.
As before, we cover a somewhat unphysical range of stellar
spin periods in order to capture all possible behaviors and
outcomes.
Five distinct categories of outcomes in Fig. 8 can be
identified:
(I) The distinct bimodal distribution at very high spin
periods (P⋆ >∼ 23 days and P⋆ >∼ 9 days in Fig. 8 upper and
lower panels, respectively);
(II) The unimodal, monotonically decreasing distribu-
tion at high to intermediate spin periods (7 <∼ P⋆ <∼ 20 days
in Fig. 8, upper panel);
(III) The region of wide-spread chaos (0.5 <∼ P⋆ <∼ 9
days in Fig. 8 lower panel);
(IV) The diagonally striated pattern of spin-orbit mis-
alignments at low and very low spin periods (0.5 <∼ P⋆ <∼ 7
days in Fig. 8 upper panel); we term this behavior “adiabatic
advection” and discuss it extensively below;
(V) The region of very exceptionally small final mis-
alignments at very low spin periods (P⋆ <∼ 0.4 days and
P⋆ <∼ 0.3 days in the upper and lower panels of Fig. 8, re-
spectively).
Figure 9 illustrates the time evolution for the behaviors
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Figure 9. Sample evolution trajectories, including tidal dissipation, for θlb,0 = 89
◦, Mp = 5MJ and three different values of the
stellar spin period. Left panels: P⋆ = 30 days; middle panels: P⋆ = 7.07 days; right panels: P⋆ = 1.67 days. Top row: evolution of the
orbital elements (the planet’s eccentricity, orbital inclination relative to the outer binary, and the semi-major axis). The orbital elements’
evolution is independent of the stellar spin period and is therefore the same for all three cases. Second row: evolution of the spin-orbit
misalignment angle θsl. Third row: evolution of cos θsl (solid lines) as well as the relevant background separatrix (dashed lines; see next).
Bottom row: the initial background phase space separatrices (dashed lines; see Fig 5) as well as the first full cycle of evolution of the
trajectory (solid lines), showing that the relevant background separatrices, from left to right, are the N = 0 center island (shown in
black-dashed line), the N = 0 top island (shown in red-dashed line), and the N = −2 resonance (shown in green-dashed line).
(I), (II) and (IV). We discuss each category of outcomes
individually in the following subsections.
5.2 Non-adiabatic behavior: bimodality (I)
We first address the clean bimodal spin-orbit misalignment
distribution found at high stellar spin periods in Fig. 8 (up-
per panel). In order to understand its origin, we need to
know which separatrix governs the behavior of the θsl,0 = 0
trajectory at t = 0. Two simple clues point to the answer:
First, the left panels of Fig. 9 show an example of the time
evolution in the bimodal regime, as well as the t = 0 phase
space for that evolution. We see that the separatrix govern-
ing the behavior of the trajectory at t = 0 is the N = 0
c© 0000 RAS, MNRAS 000, 000–000
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central island. Second, in Fig. 8 the bimodal region ends
very close to A¯0 ≃ 1, i.e. at the stellar spin period for which
at t = 0 we have A¯ ≃ 1. From Section 4, we know that A¯ ≃ 1
corresponds to the transition between the non-adiabatic and
adiabatic behavior, and that at A¯ ≃ 1 the governing sepa-
ratrix for the initially aligned system switches from being
the N = 0 center island to the N = 0 top island (see Fig. 5
and Fig. 6). Thus, the bimodality found at high stellar spin
periods in Fig. 8 corresponds to the initially non-adiabatic
regime.
To understand why the outcome is bimodal, we now
need to know two things: how the N = 0 center separa-
trix changes in time (due to tidal dissipation), and how the
trajectory interacts with it.
The N = 0 center separatrix evolves in time (Fig. 9,
left, the third panel from the top) in a way exactly analo-
gous to the sequence shown in Figs. 5 and 6: Initially the
separatrix is attached to cos θsl = 1. As tidal dissipation acts
to reduce the semi-major axis and increase A¯ and Nmax, the
separatrix detaches from cos θsl = 1 and slowly shrinks. On
the other hand, the actual trajectory cannot shrink, due to
the aforementioned adiabatic invariance of the area it en-
closes in the phase space. Its initial area is set by the area
of the separatrix at t = 0. At intermediate times the separa-
trix actually expands (analogously to the transition between
panels a and b of Fig. 5) and the trajectory remains inside
the separatrix. After the separatrix detaches and begins to
shrink again, there comes a point when the area of the sep-
aratrix is equal to the area of the trajectory. At that point,
the trajectory has no choice but to cross the separatrix.
Figure 10 illustrates this idea. At time of crossing, the
trajectory can cross either the top or the bottom part of the
separatrix, depending on its phase. Two trajectories that
start very close together can, over time, accumulate enough
difference in phase that one ends up exiting through the top,
and the other through the bottom. This is the origin of the
bimodality seen in Fig. 8.
This “bifurcation” phenomenon is analogous to the case
of a pendulum whose length is slowly decreased with time.
The shorter the pendulum gets, the larger its amplitude of
oscillation becomes, until at some point it must transition to
circulating rather than oscillating. At that point, the pen-
dulum will “choose” to circulate either clockwise or coun-
terclockwise – corresponding to a positive or negative con-
jugate momentum – depending on its phase at the time of
transition.
Finally, we note that while the bimodality is very clear
and distinct in the upper panel of Fig. 8, it becomes in-
creasingly disordered at lower periods in the lower panel of
Fig. 8. This is the onset of widespread chaos that arises from
resonance overlaps, as discussed in Section 4.3 (see SL15).
5.3 Stationary adiabatic behavior (II)
For A¯0 >∼ 1 and Nmax,0 <∼ 0.5, Fig. 8 (top panel) shows a
smooth unimodal distribution of final spin-orbit misalign-
ments, with θsl,f decreasing with decreasing P⋆. In Section
5.2, we have already determined that the behavior in this
regime must be governed by the N = 0 top side island.
The middle bottom panel of Fig. 9 shows that this is indeed
the case. In order to understand the distribution of the final
misalignments, we again need to ask how the N = 0 top sep-
aratrix evolves with time, and how the trajectory interacts
with it.
Based on Fig. 6, we know that an increase in A¯ or Nmax
leads to a rapid decrease in the width of the N = 0 top is-
land. On the other hand, again, the actual trajectory area is
constant and set by the initial area of the top island. Thus,
as soon as any significant semi-major axis decay occurs, the
trajectory area will exceed the area of the top island, and
the actual trajectory should circulate on the outside of the
island. For a circulating trajectory, the new conserved area
becomes the area between the trajectory and the cos θsl = 0
axis. Thus, as more semi-major axis decay occurs, the trajec-
tory cannot move up/down, it can only straighten out, even-
tually settling on a constant cos θsl,f equal approximately to
its mean cos θsl value at the time of decoupling from the top
island.
Thus, if the top island is initially extended, the final
θsl,f should be (relatively) large. As the stellar spin period
decreases, the top island decreases in size; therefore, θsl,f
gets closer and closer to 0.
A caveat to the above discussion is the following: Fur-
ther into the adiabatic regime, the assumption that only the
N = 0 Hamiltonian determines the spin dynamics becomes
increasingly erroneous, since the stellar spin vector now pre-
cesses at at rate comparable to the precession of Lˆ and thus
sees more than just the time average of the forcing functions.
Thus, although the above discussion is suggestive and sound,
the actual behavior of the trajectory can be more random
and need not obey these rules. This is why, for example, the
trajectory depicted in the middle column of Fig. 9 actually
remains level with, or inside, the top island for most of its
evolution.
We term this regime of behavior “stationary adiabatic”
because the trajectory essentially cannot move away from
its initial location. This is to be contrasted with type (IV)
behavior discussed below.
Note that type (II) behavior need not always be
present: for example, there is no such apparent behavior in
the bottom panel of Fig. 8. This is because, in many cases,
it can be replaced by wide-spread chaos, as discussed below.
5.4 Widespread Chaos (III)
For intermediate values of the stellar spin period, in the
lower panel of Fig. 8 we can identify a region of widespread
or near widespread in the final spin-orbit misalignments,
as a result of chaotic spin evolution. This type of behavior
was extensively studied in SL15 and we give only a short
discussion here.
As discussed in SL15, chaotic behavior often arises from
resonance overlaps. In Section 4.3, based on Fig. 7 which
shows the existence of resonance overlaps for certain spin
periods, we suggested that misalignment distributions com-
puted using this particular set of “shape” functions should
exhibit chaotic regions. This is indeed the case. In fact, there
is good agreement between Fig. 7 and the lower panel of
Fig. 8: For example, for 3.5 <∼ P⋆ <∼ 5 days the behavior of
the trajectory should be governed by the N = −1 resonance
and this resonance does not overlap with the N = 0 island.
Thus, there is no chaos in this period range.
In general, we expect the appearance of chaos to be cor-
related with the widths of the resonances. Since the widths
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Figure 10. Demonstration of the process that gives rise to the bimodality found in the non-adiabatic regime of Fig. 8 (top panel). In
each panel, the dashed (solid) grey line shows the N = 0 separatrix at the beginning (end) of the time interval indicated at the top
of the panel, while the colored line shows the actual time evolution of cos θsl during that time interval. The red line (left panels) has
P⋆ = 30 days and is the trajectory shown in the left panels of Fig. 9 and marked with a red X in Fig. 8. The blue line (right panels)
has P⋆ = 29.87 days and is marked with a blue O in Fig. 8. Top panels: both trajectories are contained within the N = 0 separatrix
and their areas are smaller than the separatrix area. Middle panels: the N = 0 separatrix has shrunk such that its area now matches the
areas of the trajectories, thus the trajectories have no choice but to exit the resonance. The red (blue) trajectory’s location at time of
exit is such that it exits below (above) the separatix. Bottom panels: both trajectories are now caught in their respective part of phase
space.
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Figure 11. Demonstration of the process of adiabatic advection
by an N = −2 resonance. In both panels, the purple lines show
the actual time evolution of the spin trajectory, corresponding
to the right panels of Fig. 9, and is marked with a purple X in
Fig. 8. Top panel: the median shape of the N = −2 resonance
and the time evolution of cos θsl is shown at two different time
intervals. In both intervals, the actual trajectory is contained in-
side the resonance. Bottom panel: the full evolution of φsl + 2τ
(top sub-panel) and cos θsl (bottom sub-panel, purple) as well as
the maximum width of the N = −2 resonance vs time (bottom
sub-panel, green), confirming that the trajectory advects with the
resonance until the resonance shrinks significantly and the trajec-
tory has no choice but to exit.
of the resonances generally decrease with increasing A¯0 (see
SL15), we expect the chaotic bands to be confined to lower
values of A¯0.
We note, however, that we cannot readily explain the
existence of widespread chaos in the P⋆ > 5 days region of
Fig. 8. This is because our resonance overlap analysis (SL15)
assumes that the system is already quite adiabatic, so that
any non-adiabatic effects can be treated perturbatively. For
P⋆ > 5 days this is not the case, since A¯0 is close to or less
than 1.
5.5 Adiabatic Advection (IV)
The concept of adiabatic advection was first considered by
SL15 in a schematic manner. Here we demonstrate that adi-
abatic advection indeed applies in the realistic situation of
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Figure 12. Demonstration of the process of adiabatic advection
by the N = −1 (top) and the N = −3 (bottom) resonance. The
top (bottom) time evolution is marked in Fig. 8 with a blue (or-
ange) square symbol. As in Fig. 11 the two sample trajectories re-
main trapped in their respective resonances (top: N = −1, shown
in blue; bottom: N = −3, shown in orange) and are advected
with them.
“LK oscillation + tidal decay” considered in this paper. Adi-
abatic advection is a novel way of generating spin-orbit mis-
alignment.
The idea of adiabatic advection is simple: If at t = 0
the behavior of the cos θsl,0 = 1 trajectory is governed by a
resonance with a specific N (= −1,−2, · · · ), then as tidal
dissipation reduces the semi-major axis of the orbit, the
trajectory can be advected by the governing resonance to
non-zero misalignments. Figure 11 shows an example of this
behavior: in the top panel, at t = 0 we see that the tra-
jectory is trapped inside the N = −2 resonance, which is
still “attached” to cos θsl = 1. Over a Gyr later, the reso-
nance has detached and moved down significantly, and the
trajectory has likewise moved down and remains inside the
resonance, producing a significant spin-orbit misalignment.
As another means of looking at the situation, we note
that at the center of the N-th resonance we have, by defi-
nition, φsl −Nτ = 0. Thus, a trajectory trapped inside the
resonance librates about this point; that is, φsl−Nτ of such
a trajectory should exhibit moderate variation about 0. In
the lower panel of Fig. 11, we show that this is indeed the
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Figure 13. Final spin-orbit misalignment angle as a function of initial orbital inclination θlb,0, for two different planet masses and two
stellar spin periods. The Mp = 1MJ panels (left) exhibit non-adiabatic bimodal (I) and stationary adiabatic (II) behaviors, with the
transition from one to the other occuring, as expected, at A¯0 ≃ 1. The Mp = 5MJ panels (right) exhibit chaos (III) and adiabatic
advection (IV) by the N = −2 (top) and N = −1 (bottom) resonances. Because Nmax,0 is rather insensitive to the initial inclination (see
Fig. 2), the final misalignment angle after advection is nearly independent of θlb,0. The higher mass planets also show a full adiabatic
region (V).
case: φsl + 2τ oscillates about 0, indicating that the trajec-
tory is trapped inside the N = −2 resonance. Likewise, the
oscillations of cos θsl never exceed the maximum width of
the N = −2 resonance, demonstrating that the trajectory is
always contained inside.
Similarly, Figure 12 shows sample advections by the
N = −1 (top) and N = −3 (bottom) resonances. By lo-
cating these examples on the θsl,f vs P⋆ plot (Fig. 8, upper
panel), we conclude that each of the diagonally striated lines
in the top panel of Fig. 8, located at 0.5 <∼ Nmax,0 <∼ 1,
1 <∼ Nmax,0 <∼ 2, etc., corresponds to advection by a reso-
nance of a different N .
5.6 Fully Adiabatic Evolution (V)
For very low (extremely fast) spin periods, the systems pre-
sented in both panels of Fig. 8 are fully adiabatic. (We note
that in the particular case of Fig. 8 the spin periods in this
regime are unphysically short; however, the same behavior
can be achieved at more reasonable spin periods by chang-
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Figure 14. Compilation of the outcomes of a suite of time evo-
lutions with variable initial conditions and parameters, plotted in
the Nmax,0 vs A¯0 space. Each outcome is classified into the cat-
egories discussed in Section 5. With dashed lines and roman nu-
merals we denote which type of outcome we expect in that region
of parameter space. The variable initial conditions/parameters in-
clude combinations of various planet masses, stellar spin periods,
binary separations, and initial orbital inclinations. Despite vary-
ing all of these parameters, we see that the outcomes still agree
with our expectations based on Section 5: The non-adiabatic bi-
modal (I) and adiabatic stationary (II) behaviors occur at low
Nmax,0, and are separated by A¯0 ≃ 1. At higher Nmax,0, adia-
batic advection (IV) and chaotic behavior (III) become possible,
with the chaotic behavior being restricted to lower values of A¯0
(for which, generally speaking, all the resonances are wider and
more likely to overlap).
ing the system orbital parameters or planet mass.) In this
regime, the stellar spin vector has no trouble following the
planet angular momentum vector as it undergoes LK oscilla-
tions, and no spin-orbit misalignment is generated. We note
that, while we understand what happens in this regime, it is
difficult to pinpoint its onset, i.e. the value of P⋆ or perhaps
Nmax for which it starts.
6 PREDICTIVE POWER OF THE THEORY
In the previous two sections, we have focused on numerical
experiments that change the spin dynamics in the simplest
way possible: by varying the stellar spin period, while keep-
ing all other system parameters fixed. We would now like to
check whether the understanding of the different outcomes
for θsl,f we have developed in the previous sections holds up
when we vary some other parameters of the system. Thus,
in Fig. 13 we present the distributions of final spin-orbit
misalignment angles as a function of the initial orbital in-
clination θlb,0, for two values of the stellar spin period and
two planet masses.
We find that, indeed, our classification of the misalign-
ment outcomes based on A¯0 and Nmax,0 holds up well. For
Jupiter-mass planets, the outcomes are either bimodal (type
I) or stationary adiabatic (type II), with the transition be-
tween the two regimes occuring at A¯0 ≃ 1, as expected. For
the heavier, 5MJ planets, a chaotic band (III) appears at
lower inclinations, likely due to resonance overlaps. Aside
from that, however, in the non-chaotic regions we find that
θsl,f is nearly constant, consistent with the fact that Nmax,0
is moderately large and nearly independent of θlb,0 (as ex-
pected based on Fig. 2). Based on the values of Nmax,0, we
infer that the top right panel of Fig. 13 shows an extended
region of adiabatic advection by theN = −2 resonance (type
IV.2 behavior), whereas the bottom right panel of Fig. 13
shows a region of advection by the N = −1 resonance (type
IV.1 behavior).
Finally, taking one step further, we carry out a suite
of calculations for the “LK oscillation + tidal decay” time
evolutions, with various initial conditions and parameters
(different planet masses, stellar spin periods, binary sepa-
rations, and initial orbital inclinations). We categorize each
time evolution according to its misalignment outcome: bi-
modal (I), stationary adiabatic (II), chaotic (III) or adi-
abatically advected (IV), and plot these outcomes in the
Nmax,0 vs A¯0 space (Fig. 14). From this figure, it is clear
that our understanding of the different outcomes is sound: at
A¯0 <∼ 1, bimodality dominates; at A¯0 >∼ 1 but Nmax,0 <∼ 0.5
stationary adiabatic behavior is prevalent; for A¯0 >∼ 1 and
Nmax,0 >∼ 0.5, adiabatic advection is dominant, except where
the evolution is chaotic, with the chaotic evolution restricted
to lower values of A¯0.
We conclude that in general, the two parameters, A¯0
and Nmax,0, completely determine the evolutionary behav-
ior of the spin-orbit misalignment and whether the final mis-
alignment angle of a given system can be high. For A¯0 <∼ 1
(regime I), the final misalignment distribution is bimodal,
and thus a system is equally likely to have low misalignment
as high misalignment. For A¯0 >∼ 1 but Nmax,0 <∼ 0.5 (regime
II) the system is incapable of achieving a significantly mis-
aligned state. For A¯0 >∼ 1 and Nmax,0 >∼ 0.5 a calculation of
resonance widths must be carried out to determine whether
the system is chaotic (III) or advecting (IV), but in gen-
eral it can be expected that if A¯0 is relatively high then the
system is not chaotic, and will attain non-zero, but strictly
prograde and fairly modest, misalignment.
7 DISCUSSION
7.1 Complications due to Spin Feedback on Orbit
As explained in Section 3, a major assumption in the analy-
sis laid out in this paper, as well as in SL15, is the omission
of the extra precession the planet’s orbit experiences due to
perturbation from the stellar quadrupole. This omission en-
ables us to considerably simplify the spin dynamics problem
by reducing it to a 1D Hamiltonian system. Stellar feedback
on planet’s orbit becomes important if the host star has
nearly as much, or more, angular momentum as the planet’s
orbit (see Eq. 28). Thus, one may question whether our anal-
ysis is truly applicable to Jupiter-mass (as opposed to heav-
ier) planets and rapidly rotating stars. However, in ASL16
we have run a comprehensive suite of numerical simulations
including stellar feedback on the orbit and all other impor-
tant effects. We found that, while under certain conditions
the bimodal and stationary adiabatic behaviors expected to
dominate for Jupiter-mass planets can be disrupted, on the
whole, bimodality remains nearly ubiquitous. We conclude
that our classification of the different misalignment evolu-
tion modes and outcomes is generally valid.
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7.2 Stellar Spindown
In this work, we have assumed that the stellar spin remains
constant throughout the proto-HJ’s tidal decay and circu-
larization. In reality, solar-type stars experience significant
spindown due to magnetic winds. This spindown acts to tem-
porarily reduce the strength of the coupling between the
stellar spin and the planet orbit, decreasing both Nmax and
A¯. However, it is still the initial values of these parameters
(Nmax,0 and A¯0) that set the qualitative behavior of the
system. Some differences in the final value of the spin-orbit
misalignment angle θsl,f due to stellar spindown could be
expected, but the regime classification and predictive power
should remain unchanged.
7.3 Primordial Misalignment
In this paper we have focused on stellar spin dynamics in
systems that have no initial spin-orbit misalignment. How-
ever, since several ways of generating primordial misalign-
ment have been proposed (see references in Section 1), the
dynamics of initially misaligned systems are of potential in-
terest.
Although a thorough exploration of the dynamics of
initially misaligned systems is beyond the scope of this work,
we believe the ideas developed in this paper, particularly
the importance of the parameters A¯0 and Nmax,0, are still
applicable to initially misaligned systems. The fate of such
systems should still be determined by the initial phase space
of the system and where in that phase space the system is
initialized. For example, for trajectories starting anywhere
inside the N = 0 center island (see Fig. 5), the final outcome
should be bimodal, just as for initially aligned systems; the
only difference is that, for an initially misaligned system, the
peaks of the bimodal distribution of the final misalignment
angle would lie closer to 90◦ due to the smaller initial area
of the trajectory. In Fig. 26 of ASL16 we have demonstrated
that this is the case.
Thus, the frameworks developed in this paper for the
special case of initially aligned systems can be easily gener-
alized to systems with arbitrary initial misalignments and
phases.
8 SUMMARY
We have developed an analytical theory to explore and clas-
sify the various regimes of stellar spin dynamics driven by
planets undergoing Lidov-Kozai migration. In our previous
work (Storch & Lai 2015) we analyzed only the idealized
non-dissipative Lidov-Kozai system in the adiabatic regime
(when the spin precession frequency is higher than the LK
oscillation frequency) and succeeded in explaining the origin
of chaotic behavior of stellar spin. In this paper we have sig-
nificantly expanded our analysis to include the effects of vari-
ous short-range forces (e.g., apsidal precession of the planet’s
orbit due to General Relativity and tidal bulge) and consid-
ered all possible spin dynamical regimes. Most importantly,
we have included tidal dissipation in the planet, which allows
us to examine the long-term evolution of the spin-orbit mis-
alignment angle as the planet migrates in semi-major axis
and becomes a hot Jupiter. The work presented here pro-
vides a solid theoretical understanding for the various path-
ways toward spin-orbit misalignments as revealed in our ex-
tensive numerical simulations (Storch, Anderson & Lai 2014;
Anderson, Storch & Lai 2016).
We find that, in general, the behavior of a “stellar spin
+ planet + binary” system with a given set of initial condi-
tions, planet mass, and stellar spin rate is governed primarily
by two parameters (Section 4): Nmax (Eq. 24), which com-
pares α¯, the average maximum precession frequency of the
stellar spin, with the LK eccentricity oscillation frequency,
and A¯ (Eq. 26), which compares α¯ with the averaged rate of
change of the planet’s orbital angular momentum vector Lˆ.
For A¯ <∼ 1 (which implies Nmax ≪ 1), the spin dynamics is
in the non-adiabatic regime. The adiabatic regime (A¯ >∼ 1) is
divided into two sub-regimes with Nmax <∼ 1 and Nmax >∼ 1
(recall that A¯ >∼ Nmax). Each of these regimes and sub-
regimes has a different phase-space resonance structure (see
Figs. 5-7), which governs the evolution of the system.
In the presence of tidal dissipation (Section 5), Nmax
and A¯ vary slowly with time, but the fate of the system
is entirely determined by the values of these parameters at
t = 0 (i.e. during the first LK cycle). In general, five distinct
spin-orbit evolutionary behaviors and outcomes are possible
(see Section 5.1), and Fig. 8, 13 and 14 summarize these
various types of outcomes. We find that when A¯0 <∼ 1 (im-
plying Nmax,0 ≪ 1), the final spin-orbit misalignment dis-
tribution is bimodal (type I), and thus the system is equally
likely to settle into a retrograde or prograde orbit. When
A¯0 >∼ 1 and Nmax,0 <∼ 0.5, the system experiences “station-
ary adiabatic” behavior (type II) and cannot achieve very
high (retrograde) misalignments. When When A¯0 >∼ 1 and
Nmax,0 >∼ 0.5, the system is either chaotic (type III) or ex-
periences “adiabatic advection” (type IV), wherein it can
slowly accumulate a modest amount of spin-orbit misalign-
ment (never more than 90◦). The chaotic regime is typically
restricted to lower values of A¯0. At very high values of both
A¯0 and Nmax the system is fully adiabatic (type V) and
cannot accumulate any misalignment.
Overall, the theoretical work presented in this paper
and in Storch & Lai (2015) complements our own numeri-
cal Monte-Carlo studies of hot Jupiter formation via Lidov-
Kozai migration in stellar binaries (Storch et al. 2014; An-
derson et al. 2016) and those by others (e.g. Fabrycky &
Tremaine 2007; Correia et al. 2011; Petrovich 2015). Our
theory provides a framework to understand some of the in-
triguing numerical results on the final spin-orbit misalign-
ment distributions. For example, we have shown that the
bimodal distribution, seen in some of the simulations of
Fabrycky & Tremaine (2007), Correira et al. (2011) and
Storch et al. (2014), arises naturally from a “bifurcation”
phenomenon associated with the crossing of a separatrix in
the phase space (see Section 5.2). Another example is the
novel “resonance advection” phenomenon (see Section 5.5),
which leads to the production of misaligned systems even in
“adiabatic” systems. Finally, we note that, while we have fo-
cused on Lidov-Kozai migration induced by a stellar binary
in this paper, the concepts and methods developed in this
paper can also be applied to other high-eccentricity migra-
tion scenarios involving planet-planet secular interactions
(e.g. Nagasawa et al. 2008; Wu & Lithwick 2011; Beauge´ &
c© 0000 RAS, MNRAS 000, 000–000
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Nesvorny´ 2012; Petrovich & Tremaine 2016; Hamers et al.
2016).
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